We give a construction for new families of thin subgroups inside SL(4, R). In particular, we show that the fundamental group of a closed hyperbolic 3-manifold can be isomorphic to a thin subgroup of a lattice.
The lattices considered arise in the commensurability class of the Hermitean isometry groups of a diagonal form J, denoted by SU(J, O L , τ ). We refer to Theorem 2.3 for a precise description. After some slightly delicate technical work, we show the following theorem. Theorem 1.1. For infinitely many real quadratic number fields L, the lattices SU(J, O L , τ ) contain a thin subgroup isomorphic to a subgroup of finite index in π 1 (vol3).
We note that any such subgroup is not a free product (since it is the fundamental group of a closed hyperbolic 3-manifold) and must have infinite index in the lattice that contains it, since it is well known that π 1 (vol3) contains subgroups of finite index which map onto Z. Indeed, one can show further that (see [18] ) one can pass to a subgroup of finite index in π 1 (vol3) which is a surface bundle over the circle. This means one can find surface groups that are virtually normal subgroups in π 1 (vol3). Such a subgroup will have the same Zariski closure as π 1 (vol3), so that we have the following corollary. In this vein, the first author and M. Thistlethwaite (unpublished) have constructed a family of thin surface subgroups of SL(4, Z).
The Construction
As stated in Section 1, the group upon which our construction is based is the fundamental group of the closed hyperbolic 3-manifold known as vol3. The interest in this manifold is that one finds it is the simplest hyperbolic 3-manifold which is flexible in the sense of [7] ; which is to say that the discrete faithful representation ρ ∞ : π 1 (vol3) → SO 0 (3, 1) < SL(4, R) admits nontrivial deformations into SL(4, R). Of course, Mostow rigidity implies that these deformations cannot lie inside SO 0 (3, 1).
However, if one uses the Klein model for hyperbolic space, one can regard this hyperbolic structure as a strictly convex real projective and then remarkable results of Koszul [13] and Benoist [3, 4] show that all these deformations correspond to holonomy deformations qua strictly convex real projective structures and, in particular, they are all discrete and faithful representations of the group π 1 (vol3) into SL(4, R). Moreover, we also have the following theorem. Then the image ρ(π 1 (vol3)) is Zariski dense in SL(4, R).
Proof. This is based upon a theorem due to Benoist. Theorem 1.1 of [3] describes the various possibilities for convex real projective structures in our setting. The representation ρ is irreducible, so that the convex set C associated to the real projective ρ-structure cannot split invariantly as a product of convex sets C 1 × C 2 .
The statement of Benoist's Theorem 1.1 now becomes either ρ(π 1 (vol3)) has Zariski closure SL(4, R), or that C is homogeneous, which is to say that Aut(C ) acts transitively on C . However, we may rule out this case as follows.
The action of Aut(C ) is by isometries of the Hilbert metric on C . Now it is a standard fact (e.g., one can base an argument on [1, Theorem 2.17]) that one can associate to any Finsler metric a Riemannian metric which is sufficiently canonical that the action of Aut(C ) is by isometries of this Riemannian metric; that is to say, we have assigned to C a Riemannian metric making it into a homogeneous space. This makes C /ρ(π 1 (vol3)) into a closed manifold with a homogeneous metric. Such homogeneous metrics have been classified by Thurston, and the only possibility is that the homogeneous metric on C /ρ(π 1 (vol3)) is a multiple of the hyperbolic metric.
However, we now claim that this contradicts the fact that the representation has been flexed away from the canonical representation. We argue as follows:
We have identified Aut(C ) as a subgroup of SO 0 (3, 1) and since the only transitive nonsoluble Lie subgroup of SO 0 (3, 1) is the whole group, this shows that
However, all representations of SO 0 (3, 1) into SL(4, R) preserve a nondegenerate invariant bilinear form (see, e.g., [11, p. 205 and Example 3, p. 198] ). This form cannot be definite since Aut(C ) contains an infinite discrete subgroup, and cannot have signature (2, 2) since SO 0 (3, 1) and SO(2, 2) are not locally isomorphic. It follows that we must have signature (3, 1) and therefore up to conjugacy in SL(4, R) the representation is equivalent to the standard one. We deduce that the flexed representation ρ can be conjugated into SO 0 (3, 1).
Finally, we conclude that this contradicts Mostow rigidity. The reason is as follows: The manifold C /ρ(π 1 (vol3)) is a K(π, 1) and therefore H 3 (C /ρ(π 1 (vol3))) = Z. This implies that C /ρ(π 1 (vol3)) is a closed 3-manifold and we deduce that ρ(π 1 (vol3)) would be a lattice in Aut(C ) ∼ = SO 0 (3, 1). Mostow rigidity implies that ρ is conjugate to the standard representation, contradicting that ρ is a nontrivial flexing of ρ ∞ . Hence, C cannot be homogeneous and therefore ρ(π 1 (vol3)) is Zariski dense in SL(4, R), as required.
We now collect some details about vol3. It is an arithmetic hyperbolic 3-manifold with volume the same as that of a regular ideal simplex (i.e., approximately 1.01494160640965 . . .), and H 1 (vol3, Z) = Z 6 ⊕ Z 3 . It is known that vol3 is non-Haken and indeed arithmetic methods show that ρ ∞ (π 1 (vol3)) contains no nonelementary Fuchsian subgroups (see [18] for details).
The fundamental group has presentation
It will be technically slightly easier to work with an orbifold Q = vol3/ u which is four-fold covered by vol3. We denote by Γ the orbifold fundamental group of Q. Note that a representation of Γ is discrete and faithful only if it is discrete and faithful when restricted to vol3, so that it suffices to work with Γ .
One finds that Γ is generated by two elements of finite order u and c (see [7] ). The
We shall need quite a detailed understanding of the representations of Γ ; initially, we use the version presented in [7] , where, after some mild conjugacy, one finds that the 4-dimensional representations are given by The discrete faithful representation occurs at v = 2 and the deformations as a convex real projective manifold are parameterized by real v ∈ [2, ∞); the observations above show that all these representations are discrete and faithful representations of Γ .
One crucial property we shall need is the following proposition.
Proof. This is a computation; we sketch the proof. One constructs a list of 16 group Since the trace is linear, tr(g) = j c j tr(M j ) is an integer, as required.
The next phase of the proof is to show that, for infinitely values of v ∈ Z, the images ρ v (Γ ) lie in a lattice inside SL(4, R). The lattices in question are constructed from [24, Theorem 6.55] by a rather general construction which involves L, a real quadratic extension of Q and D, a central simple division algebra of degree d over L. However, in our situation we may assume that D = L, and we state only this special case.
Before stating the theorem, recall that if L is a real quadratic extension of Q, and A ∈ SL(4, L), we denote by A * the matrix obtained by taking the transpose of the matrix obtained from A by applying τ (the nontrivial Galois automorphism) to all its entries. SL(4, R) .
We also note from [24, Proposition 6 .55] that, in the case being considered here (when D = L), the corresponding forms will represent zero nontrivially, and so the lattices produced are nonuniform.
It is not immediate how to apply Theorem 2.3 directly, since as it stands the entries of ρ v lie in a biquadratic field. However, one can show that the representation
The utility of this version of the representation is that if one chooses r to be a unit α ∈ Z[ √ 2] with the property that the Galois automorphism carries α → 1/α, then it is a simple exercise to see that the entries of φ α (Γ ) lie in a real quadratic field Q( 2α 2 − 20 + 2/α 2 ); indeed φ α (c) is a rational matrix. In this notation, v is the integer
The passage to a commensurable integral representation is achieved by the following theorem.
Theorem 2.4. Suppose that Γ < SL(4, k) is a finitely generated group with the property that tr(γ ) ∈ O k for every γ ∈ Γ .
Then Γ has a subgroup of finite index contained in SL(4, O k ).
Proof.
Consider
where the sums are finite. It is shown in [2] 
shows that this subgroup is Zariski dense in SL(4, R). Finally, we note that the image group φ α (Γ ) cannot be commensurable with a subgroup of finite index in SU(J , O L , τ ), since as pointed out in Section 1, π 1 (vol3) contains subgroups of finite index that map onto Z. Hence, this subgroup is thin, as claimed.
An Example
The simplest example is when v = 4. It is easily checked that the representation in This is not integral, but there is a surjection from π 1 (vol3) to the dihedral group with 10 elements where one sends a to a reflection and b to a rotation. A direct calculation shows that the kernel of this map consists of elements whose entries lie in Z[ √ 3]. One
